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Nonlinear systems

Chaos Solitons Fractals

Sensitive dependence on initial conditions Coherent propagation Non-integer dimensional spaces
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Figure 1: The Lorenz (strange) attractor is a surface with fractal Hausdorff
dimension equal to 2.0627160, i.e. it slightly larger than 2. A trajectory
that on this attractor moves continuously between the two lobes without a

predictable character. In this figure p = 28.0, ¢ = 10.0 and 5 = 8.0/3.0



The DNLS equation
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Waveguide array
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Self trapping

Josephson oscillations
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The nonlinear dimer

Integrable in terms of elliptic functions



Seltrapping transition
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From the discrete nonlinear Schrodinger equation describing transport on a dimer we derive and
solve a closed nonlinear equation for the site-occupation probability difference. Our results, which
are directly relevant to specific experiments such as neutron scattering in physically realizable di-
mers, exhibit a transition from “free” to “self-trapped” behavior and illustrate features expected
in extended systems, including soliton/polaron bandwidth reduction and the dependence of
energy-transfer efficiency on initial conditions.
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The in1tial state analysis of the evolution of a nonlinear degenerate dimer shows that, in addition to the self-trapping transition,
a new transition occurs while the particle 1s in the trapped region. This transition can be understood 1n part 1n terms of the
behavior of a linear nondegenerate dimer, and 1s intimately related to the stationary states of the nonlinear dimer
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The difference in the probabilities of occupation of

the two sites in a dimer plotted as a function of time ¢ for various

values of

xX/4v'): (a) 0.95, (b) 0.9995, (c) 1, (d) 1.0001, (&)

1.75. Curves (a) and (b) are indicative of free particle motion,
(c) describes the transition, and (d) and (e) represent self-
trapping behavior [see Egs. (6) and (7)].
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FIG. 2. The ratio of the effective bandwidth for motion be-
tween the dimer sites to the bare bandwidth plotted as a function
of (X/4V') showing a logarithmic reduction near the transition

[see Eq. (11)].
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Fig 2 ry<@In(2) the clipuc parsseter A 7 15 photed as a func

o0 of kw2 4V for OB (&l hne) and 05 (dhed hine).
The bullet { 0 ) shows when the sell-ragping transton occurs In
(b} sy=0.5 aad the values of k, are: (a) O 625, self-trappeng
transrtion, {5) (L7, the paricie o trapped (da-evolunion), {(¢)
0 333, amplnede traasimon: the system occepies the stable wa-
onary vate, (4) 0 Fand (e) 1.0 {trpped-nd)
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Jacobian elliptic functions
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Jacobi Ellipcie Punctions
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od(z | 0) = cos(z) od{_:+ 0‘}=-sin(:) od(z| 1) =1

en(z | 0) = cos(z) cn(: - O} =-sin(z) cn(z]| 1) ==sech(z)
cs(z | 0) = oot(z) N(‘ -

de(z | 0) = sec(z) do(:+

O) = —tan(z) ¢s(z | 1)=csch(z)
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0)=-cse(d) delz| =1

2

dn(z|0)=1 dn(z | 1) == sech(z) dn(: L l} = —icsch(z)

2

ds(z |0) = csel2) cb{: + §

O‘} = sec(2) ds{: - %

l‘} = —i sech(z)

ne(z | 0) = sec(z) nc(; + X

o} =-cse(2) ne(z] 1) = cosh(z)

nd(z |0)=1 nd(z | 1) == cosh(z) nd(: + ”—,'

1) = isinh(2)
ns(z [0) = cse(2) m{: + Ov} =sec(z) ns(z|1)=coth(z)
so(z | 0) == tan(z) sc{: -
sd(z | 0) = sin(z) S({: -

sn(z | 0) = sin(z) Sl’{: -

O} = —cot(z) sc(z|1)==sinh(2)

0} = cos(z) sd(z | 1) = sinh(z)

i Iin WRIA wIn

O_) = 00s8(z) sn(z|1) == tanh(z).

ELLIPTIC FUNCTIONS
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